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• ù´�{ü�²;��@�ïÄ��ÅL§, 
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Ú~. ({ü�ÅiÄ)
b�`¯ü<iZ, zÛ`I 1 ��VÇ´ p Ñ 1 ��VÇ
´ q = 1− p. b��m©`Ãp´ 0 �,
P Sn � n Û��`Pk�aê.

1. O�^�VÇ

P(S8 = 4|S1 = 1,S3 = 1,S4 = 2) 9 P(S8 = 4|S4 = 2);

2. Á
)�ö´Ä��.
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¯¢þ,

◦ P(S8 = 4|S1 = 1,S3 = 1,S4 = 2)

=P(S8 − S4 = 2|S1 = 1,S3 = 1,S4 = 2)

=P(S8 − S4 = 2) = 4p3q,

◦ P(S8 = 4|S4 = 2) = P(S8 − S4 = 2|S4 = 2)

=P(S8 − S4 = 2) = 4p3q.

♯
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{Xn, n ≥ 0} : ±�õ��8 E �G��m�lÑ�mL§.

½Â 3.2.1

eé?¿ n ≥ 0, i0, i1, · · · , in−1, i , j ∈ E ,

P(Xn+1 = j |Xn = i ,Xn−1 = in−1, · · · ,X1 = i1,X0 = i0)

=P(Xn+1 = j |Xn = i),

K¡ {Xn, n ≥ 0} �ê¼ó( Markov ó).

5. (SK 6)é��ê¼ó {Xn, n ≥ 0}, y²:

P(Xn = j |Xn1 = i1, ...,Xnk = ik) = P(Xn = j |Xnk = ik),

� n1 < n2 < · · · < nk < n ��¤á.

Shanghai University of Finance & Economics lÑ�mMarkovó



ê¼ó�Ä�½Â
Chapman-Kolmogorov �§�G��©a

=£VÇ�4�5��²­©Ù
SK:µ

Ú~
½Â9~

½Â 3.2.1 (Y)

• é?¿ i , j ∈ E , n ≥ 0, ¡

Pij (n) := P(Xn+1 = j |Xn = i)

�L§3 n ����Ú=£VÇ.

• e Pij (n) = Pij � n Ã', K¡ X ��àê¼ó.

P P = (Pij ), ¡� X ��Ú=£VÇÝ
, {¡=£Ý
,

Ù�êd E ¥���ê |E | û½.

3�Ù!¥, ·�=�Ä�àê¼ó.
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5º.

=£VÇ�=£Ý
´��éA�.

• =£Ý
���==£VÇ, ÷v
1 �K5: ∀i , j ∈ E , Pij ≥ 0;
2 �K5: ∀i ∈ E , ∑j∈E Pij = 1.

(���, ��÷vþãü^�Ý
�¡��ÅÝ
. )

• =£¼ê��±/�/^ãL«(Xe), ¡�G�=£ã.
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~ 1. (0− 1 DÑXÚ)
�D 0 Ú 1�GéXÚ¥, �z�?�DýÇ� p, ØèÇ�
q = 1− p. ^ X0 L«1�?�Ñ\, Xn L«1 n ?�Ñ
Ñ, n ≥ 1.
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�� {Xn, n ≥ 0} ´��± E = {0, 1} �G��m��àê¼
ó, =£VÇ

pij = P(Xn+1 = j |Xn = i) =

{
p, j = i ,
q, j ̸= i ,

i , j = 0, 1.

(G�=£ã)

♯
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~ 2. Õá­E/��f, ^ Xn L«1 n g�Ñ�:ê, -

Yn = Xn+1 + Xn+2, n ≥ 0.

(1) O�^�VÇ
◦ P(Y2 = 12|Y0 = 2,Y1 = 7),
◦ P(Y2 = 12|Y1 = 7);

(2) �ä {Yn} ´Ä´ê¼ó?
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(1)

P(Y2 = 12|Y0 = 2,Y1 = 7)

=P(X3 = X4 = 6|X1 = 1 = X2,X3 = 6) =
1

6
,

P(Y2 = 12|Y1 = 7) =
P(Y2 = 12,Y1 = 7)

P(Y1 = 7)

=
P(X2 = 1,X3 = X4 = 6)

P(X2 + X3 = 7)
=

( 16 )
3

6
36

=
1

36
.

(2) Ï�

P(Y2 = 12|Y0 = 2,Y1 = 7) ̸= P(Y2 = 12|Y1 = 7),

¤± {Yn} Ø´ê¼ó. ♯
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ü�^�VÇúª

Ún 3.2.1

� A,B,C �n��Å¯�,K

P(BC |A) = P(B |A)P(C |AB).

Ún 3.2.2

� A,B,C �n��Å¯�,K

P(C |AB) = P(C |B) ⇔ P(AC |B) = P(A|B)P(C |B).

d�, ¡ A,C 'u B k^�Õá5.
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n Ú=£VÇ

éu n ≥ 1,m ≥ 0, i , j ∈ E ,

P(Xn+m = j |Xm = i) =: P (n)
ij : � m Ã', ´ n Ú=£VÇ.

�A�, P
(n)
ij ´ n Ú=£VÇÝ
.

• n Ú=£VÇÝ
�´�ÅÝ
;

• w, P
(1)
ij = Pij , P

(0)
ij ≡ δij =

{
1, i = j ,
0, i ̸= j .

(Pij ) ´�Ú=£VÇÝ
, (P
(0)
ij ) = I ´ü Ý
.
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Chapman-Kolmogorov �§

½n 3.3.1

é?¿n,m ≥ 0, i , j ∈ E ,

P
(n+m)
ij = ∑

k

P
(n)
ik P

(m)
kj ½ P(n+m) = P(n) ·P(m).

▷ (�*¿Â)
l i u² n+m Ú�� j �©�ü��ãr:

• kl i u² n Ú� k,
• 2l k ² m Ú�� j .
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y. dÚn 3.2.1 � n ���ê¼5,

P(Xn+m = j |X0 = i) = ∑
k∈E

P(Xn+m = j ,Xn = k |X0 = i)

= ∑
k∈E

P(Xn+m = j |Xn = k,X0 = i)P(Xn = k |X0 = i)

= ∑
k∈E

P
(m)
kj P

(n)
ik .

kXe��íØ.

n Ú=£Ý
�±d�Ú=£Ý
� n g���:

P(n) = Pn.
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k��©Ù

½n 3.2.1

± pi := P(X0 = i) (i ∈ E ) �Ð©©Ù� Markov ó X �
k��©Ù: i0, i1, · · · , in ∈ E ,

P(X0 = i0,X1 = i1, · · · ,Xn = in) = pi0Pi0i1Pi1i2 · · ·Pin−1in ,

=dÐ©©ÙÚ=£VÇ��(½.

(d¦{úª9ê¼5=�y².)
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·K.

(1) é?¿ n ≥ 1, P(Xn = j) = ∑
i

P(X0 = i)P
(n)
ij ;

(2) é?¿ n1 < n2 < · · · < nk ,

P(Xn1 = i1,Xn2 = i2, · · · ,Xnk = ik)

=P(Xn1 = i1)P
(n2−n1)
i1i2

· · ·P (nk−nk−1)
ik−1ik

.

5. lêÆþw, �À��ÅÝ
���ê¼ó:

k��©Ù��dÐ©©ÙÚ�Ú=£VÇ(½.
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·K�y².

(1) |^�VÇúª=�;

(2) d¦{úª,

P(Xn1 = i1,Xn2 = i2, · · · ,Xnk = ik)

=P(Xn1 = i1)P(Xn2 = i2|Xn1 = i1) · · ·
P(Xnk = ik |Xn1 = i1, · · · ,Xnk−1

= ik−1)

=P(Xn1 = i1)P
(n2−n1)
i1i2

· · ·P (nk−nk−1)
ik−1ik

.
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�'O�Ì�´G�=£�VÇ5Æ, �/^/��G�=£ã.

~ 3.2.3 � {Xn, n ≥ 0} ´äkn�G� 0, 1, 2 ��à Markov ó, �
Ú=£Ý
� 3/4 1/4 0

1/4 1/2 1/4
0 3/4 1/4


Ð©©Ù� P(X0 = i) = 1/3, i = 0, 1, 2, Á¦:

(1) P(X0 = 0,X1 = 1,X4 = 1);
(2) P(X2 = 1,X4 = 1,X5 = 0|X0 = 0);
(3) P(X2 = 1,X4 = 1,X5 = 0).
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¢~: Uíý�

b�G��m E = {�, Ò, �}. y�wL� 30U�UíP¹,
ÚOzFCz�¹:

· �U�, gF©O�, Ò, ��Uê: 10g, 5g, 2g,

· ÒU�, gF©O�, Ò, ��Uê: 3g, 8g, 4g,

· �U�, gF©O�, Ò, ��Uê: 1g, 2g, 6g.

�±ÏLõg?1G�=£, ýÿ�5AU�UíCz.
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~ 3.2.4 � {Sn, n ≥ 0} ´��l"Ñu, G��m� Z �ê¼ó.
�A�=£Ý
÷v

Pi ,i+1 = p, Pi ,i−1 = q, i ∈ Z.

�y, {|Sn|, n ≥ 0} �´�^ Markov ó:

P(|Sn+1| = i + 1
∣∣ |Sn| = i , |Sn−1|, · · · , |S1|)

=P(|Sn+1| = i + 1
∣∣ |Sn| = i), ∀i > 0.

Ún.

é?¿ i , i1, i2, · · · , in−1 > 0,

P(Sn = i
∣∣ |Sn| = i , |Sn−1| = in−1, · · · , |S1| = i1) =

pi

pi + qi
.

Shanghai University of Finance & Economics lÑ�mMarkovó



ê¼ó�Ä�½Â
Chapman-Kolmogorov �§�G��©a

=£VÇ�4�5��²­©Ù
SK:µ

Chapman-Kolmogorov �§
k��©Ù��'VÇO�
G��m�'X
G��©a

y²Ún�c·�kz{�ª: - i0 = 0, �

j := max{k = 0, 1, · · · , n− 1 : ik = 0},
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Ún�y.

¯¢þ,

�ª = P(Sn = i
∣∣ |Sn| = i , |Sn−1| = in−1, · · · , |Sj+1| = ij+1, Sj = 0)

=
P(Sn = i , |Sn−1| = in−1, · · · , |Sj+1| = ij+1, Sj = 0)

P(Sn = ±i , |Sn−1| = in−1, · · · , |Sj+1| = ij+1, Sj = 0)

=
p

n−j
2 + i

2 q
n−j
2 − i

2

p
n−j
2 + i

2 q
n−j
2 − i

2 + p
n−j
2 − i

2 q
n−j
2 + i

2

=mª.
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{|Sn|, n ≥ 0} ´ê¼ó�y

� A = {|Sn| = i , |Sn−1|, · · · , |S1|},

P(|Sn+1| = i + 1
∣∣ |Sn| = i , |Sn−1|, · · · , |S1|)

=
P(|Sn+1| = i + 1, Sn = i ;A) + P(|Sn+1| = i + 1, Sn = −i ;A)

P(A)

=
P(Xn+1 = 1,Sn = i ;A) + P(Xn+1 = −1, Sn = −i ;A)

P(A)

=P(Xn+1 = 1)P(Sn = i
∣∣A) + P(Xn+1 = −1)P(Sn = −i

∣∣A)
=
pi+1 + qi+1

pi + qi
, i > 0.
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¤± {|Sn|, n ≥ 1} �^ Markov ó, �A�=£VÇ� P̃i ,i+1 =
pi+1 + qi+1

pi + qi
= 1− P̃i ,i−1 i ≥ 1,

P̃0,1 = 1.

♯

5. éul�":Ñu� Markov óKvkù�(J.
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¼�Markovó��ª

½n 3.2.2

��ê��ÅCþS� {Xn, n ≥ 0}÷vXeü�^�µ
(1) Xn = f (Xn−1, ξn);

(2) {ξn, n ≥ 1} ´ÕáÓ©Ù��ÅS�� X0 � {ξn, n ≥ 1}
��pÕá§

K {Xn, n ≥ 0} ´ Markov ó, Ù=£VÇ�

Pij = P(f (i , ξ1) = j).
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y. �Iy

P(Xn+1 = in+1|Xn = in, · · · ,X0 = i0) = P(Xn+1 = in+1|Xn = in),

¯¢þ§5¿� ξn+1 � X0,X1, · · · ,Xn �pÕá,

P(Xn+1 = in+1|Xn = in, · · · ,X0 = i0)

=P(f (Xn, ξn+1) = in+1|Xn = in, · · · ,X0 = i0)

=P(f (in, ξn+1) = in+1|Xn = in, · · · ,X0 = i0)

=P(f (in, ξn+1) = in+1),

,	,

P(Xn+1 = in+1|Xn = in) = P(f (in, ξn+1) = in+1).
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~ 3.3.1 (A mouse in a maze) �/�9¥, mouse �½3 1 Ò�f,
b� cat F%/�3 7 Ò�f, 9 Ò¥k�¬ cheese,

P(mouse ?\���f) = 1/k, k = 2, 3, 4.

2b���é� cheese ½-� cat Ò[��3@p,
Xn L« mouse �
 n ��f�¤3 �.

¦VÇ P
(2)
17 ,P

(4)
17 .
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). {Xn, n ≥ 0} ´ Markov ó, E = {1, 2, · · · , 9}. �A
=£Ý
�

1/2 1/2
1/3 1/3 1/3

1/2 1/2
1/3 1/3 1/3

1/4 1/4 1/4 1/4
1/3 1/3 1/3

1
1/3 1/3 1/3

1


.
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5¿�, e n �Ûê, P
(n)
17 = 0 = P

(n)
19 . n ´óê�§

P
(2)
17 =

1

2

1

3
=

1

6
,

P
(4)
17 =

1

2

1

3

1

2

1

3
+

1

2

1

3

1

4

1

3
+

1

2

1

3

1

4

1

3
+

1

2

1

3

1

2

1

3
+

1

2

1

3

1

4

1

3

+
1

2

1

3

1

4

1

3
+

1

2

1

3

=
5

18
,

· · · · · ·

|^ Matlab: � n → ∞ �, P
(2n)
17 → 0.6, P

(2n)
19 → 0.4. ♯
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�d'X: �Ï5

éu Markov ó {Xn, n ≥ 0}.

½Â 3.3.1

�Ä?¿ü�G� i , j ∈ E

• e�3 n ≥ 0 ¦� P
(n)
ij > 0, K¡ i � j ��, P� i → j .

e P
(n)
ij = 0, ∀n ≥ 1, K¡ i � j Ø��, P� i ↛ j .

• e i → j � j → i , K¡ i � j �Ï, P� i ↔ j .

e¡�·K`²��´D4�.
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·K 3.3.1

e i → j � j → k , K i → k.

y. db�, �3 n,m ≥ 0, ¦�

P
(n)
ij > 0, P

(m)
jk ≥ 0.

d C-K �§, k

P
(n+m)
ik = ∑

ℓ

P
(n)
iℓ P

(m)
ℓk > P

(n)
ij P

(m)
jk > 0.

Shanghai University of Finance & Economics lÑ�mMarkovó



ê¼ó�Ä�½Â
Chapman-Kolmogorov �§�G��©a

=£VÇ�4�5��²­©Ù
SK:µ

Chapman-Kolmogorov �§
k��©Ù��'VÇO�
G��m�'X
G��©a

e¡�·K`²�Ï´D4��´é¡�. �Ï5´�d'X.

·K 3.3.2

(1) (g�5) i ↔ i .

(2) (é¡5) e i ↔ j , K j ↔ i ; i ↔ i .

(3) (D45) e i ↔ j � j ↔ k, K i ↔ k.
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G��©a

|^�Ï'X, �ò�Ï�G�8����da.
z�G�áu��áu��a. ½ö`,

G��m�©�Ø��da�¿.

½Â 3.3.2

e Markov ó�G��m��3���da, =��G�*d�
Ï, K¡T Markov ó´Ø���.

(XÖ¥~ 3.2.3)
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~ 3.3.2 �ÄG��m E = {0, 1, 2, · · · ,N}, =£Ý
�

P =



1
q 0 p

q 0 p
· · ·

q 0 p
1


�ê¼ó, Ù¥, p, q > 0, p + q = 1. dó�©¤ 3 aµ

{0}, {N}, {1, 2, · · · ,N − 1}.

♯
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¡f8 C ⊂ E ´4�, e ∀x ∈ C , y /∈ C , k pxy = 0.
�du

∀x ∈ C , k∑
y∈C

pxy = 1.

5. 48¥�?ÛG�þØ��48	�G�. �

X Ø����=� E vk�²�4f8;

,	, ��3��48þ�ê¼óE,´��ê¼ó.
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±Ï5

½Â 3.3.3

e8Ü {n ≥ 1 : P (n)
ii > 0} ��, K¡T8Ü���ú�ê

d(i) := GCD{n ≥ 1 : P (n)
ii > 0}

� i �±Ï.

▷ e d(i) > 1, K¡ i ´±Ï�;

▷ e d(i) = 1, K¡ i ´�±Ï�.

5. e Pii > 0, �íÑé?¿ n, k P
(n)
ii > 0.
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~ 3.3.3 (��þÃ���ÅiÄ) �:3ê¶þ��ÅiÄ, zü 
�m£Ä�g, ½�½m½�/ØÄ. �zg£ÄÑ�pÕ
á, Xn L«² n g£Ä�� �, K {Xn, n ≥ 0} ´�
^Markov ó. =£VÇ�

Pi ,i+1 = p, Pi ,i−1 = q, Pi ,i = r (p + q + r = 1).

▷ � r = 0, 0 < p < 1 �, {n ≥ 1 : P (n)
00 > 0} = {2, 4, 6, · · · },

¤± d(0) = 2, �Ò´`, 0 ´±Ï�.

▷ � p, q, r > 0 �, {n ≥ 1 : P (n)
00 > 0} = {1, 2, 3, · · · },

¤± d(0) = 1, =d� 0 ´�±Ï�. ♯
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±Ï5´�a5�.

·K 3.3.3

e i ↔ j , K d(i) = d(j).

y∗. - l , n ≥ 0 ÷v P
(n)
ij > 0, P

(l)
ji > 0, K

P
(l+n)
ii ≥ P

(n)
ij P

(l)
ji > 0, P

(l+n)
jj ≥ P

(l)
ji P

(n)
ij > 0,

�Ò´`, l + n �Ó�� d(i), d(j) �Ø. e P
(m)
ii > 0, K

P
(l+m+n)
jj ≥ P

(l)
ji P

(m)
ii P

(n)
ij > 0 =⇒ d(j)|l +m+ n,

¤± d(j)|m, l
 d(j) �Ø m ���ú�ê, i.e.,
d(j)|d(i). Ón d(i)|d(j), �k

d(i) = d(j).
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~ 1. �ÄG��m E = {0, 1, 2, 3}, =£Ý
�

P =


0 0.5 0 0.5
0 0 1 0
0 0 0 1
0.5 0 0 0.5


?ØG��±Ï5. ¯¢þ,

d p33 > 0 �� d(3) = 1,

=G� 3 �±Ï, 
�G�p�, ¤±¤kG�Ñ´�±Ï
�, Tó´��±Ïó. ♯
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A�­��VÇ:

Ú\G� j ∈ E �Ä¥�:

Tj := min{n ≥ 1 : Xn = j} (�½min∅ = ∞).

1 é?¿ n, P f
(n)
ij � i u² n ÚÄg�� j �VÇ:

f
(n)
ij :=P(Tj = n|X0 = i)

=P(Xn = j ,Xk ̸= j , k = 1, 2, · · · , n− 1|X0 = i),

f
(0)
ij ≡0.

2 fij :=
∞

∑
n=1

f
(n)
ij = P(Tj < ∞|X0 = i) :

i u²k�Ú�ª�� j �VÇ.
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~�5�635

5. 0 ≤ f
(n)
ij ≤ P

(n)
ij ≤ fij ≤ 1.

� i ̸= j �, i → j ��=� fij > 0.

½Â 3.3.4

• e fii = 1, K¡ i �~�G�, =

l i Ñu±VÇ 1 3k��mS�£ i ;

• e fii < 1, K¡ i ��~�G�/63G�, =

l i Ñu±�VÇØ2�£ i .

(�Ö¥~ 3.3.4)
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½n 3.3.2:(�½½n)

• i ~��¿�^�´
∞

∑
n=1

P
(n)
ii = ∞. �d/,

• i 63�¿�^�´

∞

∑
n=1

P
(n)
ii =

1

1− fii
< ∞.

5.
∞

∑
n=0

P
(n)
ii = E[∑

n≥1

I{Xn=i}|X0 = i ]

 = ∞, e i ~�,(
=

1

1− fii

)
< ∞, e i �~�.
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�Bå�, P
Pi (·) := P(·|X0 = i).

þã½n¥ü�^�kXe�*¿Â:

• e i ~� ⇔ ∑∞
n=1 P

(n)
ii = ∞:

Pi (lim sup
n→∞

{Xn = i}) = 1;

• e i �~� ⇔ ∑∞
n=1 P

(n)
ii < ∞:

Pi (lim sup
n→∞

{Xn = i}) = 0.

íØ 3.3.1

e i ~�� i → j , K j ~�� fji = 1.
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�Bå�, P
Pi (·) := P(·|X0 = i).

þã½n¥ü�^�kXe�*¿Â:

• e i ~� ⇔ ∑∞
n=1 P

(n)
ii = ∞:

Pi (lim sup
n→∞

{Xn = i}) = 1;

• e i �~� ⇔ ∑∞
n=1 P

(n)
ii < ∞:

Pi (lim sup
n→∞

{Xn = i}) = 0.

íØ 3.3.1

e i ~�� i → j , K j ~�� fji = 1.
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Polya ½n: �ÄÃ��� SRW

(1) � E = Z, =£VÇ

Pi ,i+1 = p = 1− Pi ,i−1 = 1− q, i = 0,±1, · · · (0 < p < 1).

��G�w,Ñ�Ï, �o�´63�o�´~�.

∀i , P
(2n)
ii = Cn

2np
nqn, P

(2n+1)
ii = 0.

d Stirling úª��

Cn
2n ∼ 4n√

πn
, ¤± P

(2n)
ii ∼ 4n√

πn
(pq)n.

� {
� p ̸= 1

2 �, i ��~�,
� p = 1

2 �, i �~�.
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½n 3.3.3: (Polya ½n)

éu Rd þ�é¡�ÅiÄ,

• � d = 1, 2 �´~�, 
�´"~��;

• � d ≥ 3 �´63�.

“°,³~�, Up?j�”�VÇ)Ö.
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�~��"~�

5. � fii = P(Tii < ∞) = 1, �Ò´ i �~���,

{f (n)ii , n ≥ 1} ´G� i Äg�£�m Tii �VÇ©Ù.

P µii :=
∞

∑
n=1

nf
(n)
ii = E[Tii ]: i �²þ£=�m.

½Â 3.3.5

�G� i ´~��.

• e µii < ∞§K¡ i ��(positive)~�¶

• e µii = ∞§K¡ i �"(null)~�.

5. P73 ½n 3.1.2 �íØ¢S®²y²´"~�, Ù¥=£VÇ�¦)´^��;�{.
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�Ö¥~ 3.3.5.

5. 1 �~���£��Ý¯u"~���£��Ý.
2 éu=kk�õ�G�� Markov ó, ~�� i éA� µii o
´k��. �Ò´`, �k3kÃ¡��õ�G��, â�U
Ñy"~��.

3 �G�ê8Ø��, ���O�©ÛÒ�±rG�©aá�
Ù, �G�ê8é��, KI/ÏO�Å.
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Ö¿~ 1 (Y) �ÄG��m E = {0, 1, 2, 3}, =£Ý
�

P =


0 0.5 0 0.5
0 0 1 0
0 0 0 1
0.5 0 0 0.5

 ,

Á¦�G��~�5.

¯¢þ,

f
(1)
00 = 0, f

(2)
00 = p03p30 = 1/4, f (3)00 = p03p33p30 = 1/8,

f
(n)
00 = p03p

(n−2)
33 p30 + p01p12p23p

(n−4)
33 p30 =

1

2n
+

1

2n−2
,

k f00 = ∑n≥1 f
(n)
00 = 1, ¤±´~�ó. 


µ00 = 4 ⇒��´�~�ó.

♯
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e�½n`²�VÇ©Ù�m�=�'X.

½n 3.3.4

é?¿ i , j ∈ E , n ≥ 1,

(1) (Ä�VÇúª:) P
(n)
ij =

n

∑
ℓ=1

f
(ℓ)
ij P

(n−ℓ)
jj ;

(2) f
(n)
ij = ∑

k ̸=j

Pik f
(n−1)
kj · 1{n>1} + Pij · 1{n=1}, =

 f
(1)
ij = Pij ,

f
(n)
ij = ∑

k ̸=j

Pik f
(n−1)
kj , n = 2, 3, · · · ;

(3) i → j ⇔ fij > 0; ?�Ú�, i ↔ j ⇔ fij > 0 � fji > 0.
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y∗. (1) 5¿�� Xn = j �, Tj ≤ n.

P
(n)
ij = Pi (Xn = j) =

n

∑
k=1

Pi (Tj = k,Xn = j)

=
n

∑
k=1

Pi (Xk = j ,Xv ̸= j , 0 < v < k,Xn = j)

=
n

∑
k=1

Pi (Xk = j ,Xv ̸= j , 0 < v < k)P(Xn = j |Xk = j)

=
n

∑
k=1

f
(k)
ij P

(n−k)
jj .
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(2) �Ä n > 1 ��/. du

{Tij = n}
=

⋃
k ̸=j

{X1 = k,Xl ̸= j , 2 ≤ l ≤ n− 1,Xn = j},

k

Pi (Tij = n)

= ∑
k ̸=j

Pi (X1 = k,Xl ̸= j , 2 ≤ l ≤ n− 1,Xn = j)

= ∑
k ̸=j

Pi (X1 = k)

· P(Xn = j ,Xl ̸= j , 2 ≤ l ≤ n− 1|X0 = i ,X1 = k)

= ∑
k ̸=j

Pi (X1 = k)P(Xn = j ,Xl ̸= j , 2 ≤ l ≤ n− 1|X1 = k).
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(3) � i → j �, �3 n > 0 ¦� P
(n)
ij > 0. �

n′ = min{n : P (n)
ij > 0},

K
f
(n′)
ij = P(Tij = n′|X0 = i) = P

(n′)
ij > 0,

l

fij = ∑

n≥1

f
(n)
ij ≥ f

(n′)
ij > 0.

� fij > 0 �, �3 n′ > 0 ¦� f
(n′)
ij > 0. l


P
(n′)
ij > 0 ⇒ i → j .

Ón, � j → i �k fji > 0. ¤±

i ↔ j ⇔ fij > 0 � fji > 0.
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íØ 3.3.2

e j �~�, K
∞

∑
n=1

P
(n)
ij < ∞, lim

n→∞
P
(n)
ij = 0.

y∗. (1) ?���ê N,

N

∑
n=1

P
(n)
ij =

N

∑
n=1

n

∑
k=1

f
(k)
ij P

(n−k)
jj =

N

∑
k=1

N

∑
n=k

f
(k)
ij P

(n−k)
jj

=
N

∑
k=1

f
(k)
ij

N−k

∑
m=0

P
(m)
jj ≤

N

∑
k=1

f
(k)
ij

N

∑
m=0

P
(m)
jj ,
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c¡®y
N

∑
n=1

P
(n)
ij ≤

N

∑
k=1

f
(k)
ij

N

∑
m=0

P
(m)
jj .

- N → ∞, Kdu j �~�,

∞

∑
n=1

P
(n)
ij ≤

∞

∑
k=1

f
(k)
ij (1+

∞

∑
n=1

P
(n)
jj ) ≤ 1+

∞

∑
n=1

P
(n)
jj < ∞.

(2) ��?êÂñKÙÏ�ªu0.

�Ö¥~ 3.3.6, 3.3.7.
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H{�

½Â 3.3.6

• eG� i ∈ E ´�±Ï�~��, K¡��H{�.

• e��Ø��ó¤k�G�Ñ´H{�, K¡dó�Ø��
H{ó.
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'5�¯K
Ä�4�½n
²­©Ù

²­©Ù��¶

• 3�o�¹e, Ð©©Ù��Ú���©Ù�Ó?
b�ê¼ó X = {Xn, n ≥ 0} �Ð©©Ù´

π = (πj , j ∈ E ) : πj := P(X0 = j), j ∈ E ,

K�Ú���©Ù�

P(X1 = j) = ∑
i∈E

P(X1 = j |X0 = i)P(X0 = i) = ∑
i∈E

πiPij ,

�Y: Ð©©Ù��Ú���©Ù�Ó��=�
1 ∑

i∈E
πiPij = πj , j ∈ E (²­5/ØC5);

2 πj ≥ 0, ∑
j

πj = 1.
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• 3�o�¹e, Ð©©Ù��Ú���©Ù�Ó?
b�ê¼ó X = {Xn, n ≥ 0} �Ð©©Ù´

π = (πj , j ∈ E ) : πj := P(X0 = j), j ∈ E ,

K�Ú���©Ù�

P(X1 = j) = ∑
i∈E

P(X1 = j |X0 = i)P(X0 = i) = ∑
i∈E

πiPij ,

�Y: Ð©©Ù��Ú���©Ù�Ó��=�
1 ∑

i∈E
πiPij = πj , j ∈ E (²­5/ØC5);

2 πj ≥ 0, ∑
j

πj = 1.
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� {Xn, n ≥ 0} ´± E �G��m�ê¼ó.

¯K: � n → ∞ �, n Ú=£VÇ

P
(n)
ij := Pi (Xn = j) �4�´Ä�3?

e�3, ´Ä� i k'? eÃ', ´Ää�þã²­5?
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Ä�4�½n

½n 3.4.1:

é?¿G� i ∈ E , µii �Ù²þ�£�m.

(1) e i ��~�½"~��, K

lim
n→∞

P
(n)
ii = 0;

(2) e i �±Ï� d �~��, Kk

lim
n→∞

P
(nd)
ii =

d

µii
, �

1

∞
= 0.

(3) e i ��±Ï�~��, Kk

lim
n→∞

P
(n)
ii =

1

µii
.
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y. (3) é?¿ t < 0, PÝ1¼ê

Pi (t) := ∑
n≥0

etnP (n)
ii , Fi (t) := ∑

n≥0

etnf (n)ii .

d½n 3.3.4(1): P
(n)
ii = ∑n

k=1 f
(k)
ii P

(n−k)
ii , �±��

Pi (t) = 1+ Pi (t)Fi (t), = Pi (t) = 1/(1− Fi (t)).

Ù¥, t < 0 ��~�5�y?êýéÂñÚÒ��Ü{. �

(1− et)Pi (t) =
1− et

1− Fi (t)
.

�±Ï5�b�, �y4� lim
k
P
(k)
ii �3,
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dXe¢©Û�(J:

lim
t↑0−

(1− et)Pi (t) = lim
k→∞

P
(k)
ii .




lim
t↑0−

1− et

1− Fi (t)
= lim

t↑0−

−et

−∑n≥0 netnf (n)ii

=1/ ∑
n≥0

nf
(n)
ii = 1/µii .

�y.
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5º

þãÄ�4�½n´¤¢ ê¼ó�H{½n.

1 d (3) ��H{� i ÷v

lim
n→∞

P
(n)
ii =

1

µii
.

Ù¥, �±Ï5�y�ª�3, �~�5�y�Ò¤á.

2 k�ê¼óvk"~��,

Ø���k�ê¼ó�G�Ñ´�~��.

3 XJê¼ók��"~��, K7kÃ¡õ�"~��.
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~ 3.3.4 (Y) �ÄG��m E = {0, 1, 2, 3}, =£Ý
�

P =


0 0.5 0 0.5
0 0 1 0
0 0 0 1
0.5 0 0 0.5


�~�5±9H{5.

).

G� 3 : f
(1)
33 =

1

2
, f

(2)
33 = P30P03 =

1

4
, f

(3)
33 = 0,

f
(n)
33 = 0, � n ≥ 5 �,

¤± f33 =
∞

∑
n=1

f
(n)
33 = 1, íÑ 3 ´~��. ?�Ú�, µ3 = 2,

���~��, �A�ê¼ó´�H{ó. ♯
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²­©Ù�½Â

½Â 3.4.1

� (Pij , i , j ∈ E ) � Markov ó X = {Xn, n ≥ 0} �=£VÇ.
e�Kê� {πj} ÷v
(1) (�K5) ∑

j∈E
πj = 1;

(2) (ØC5) πj = ∑
i∈E

πiPij , ∀j ∈ E .

K¡ {πj} � X �²­©Ù. ½¡ØC�VÇÿÝ½ØC©Ù.

5. ØC5�±íÑ, é?¿ n ≥ 1,

πj = ∑
i∈E

πiP
(n)
ij , ∀j ∈ E .
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²­©Ù��35

½n 3.4.2:

éu�±ÏØ��ó,

�~�´Tó�3²­©Ù�¿�^�.

¿�, d²­©ÙÒ´§�4�©Ù†.

éu�àê¼ó, XJ�3G��m E þ�VÇ©Ù p = (pi , i ∈ E ),

¦� lim
n→∞

P(Xn = i) = pi , i ∈ E , K¡ p ´Tó�4�©Ù† .

5. eê¼ó´Ø���±Ï�, K lim
n→∞

P
(n)
ij =

1

µjj
; ?�Ú/,

e { 1
µjj
}j∈E ´��©Ù, K¡��4�©Ù.
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~ 3.3.4. (Y)
G��m E = {0, 1, 2, 3}, =£Ý
�

P =


0 0.5 0 0.5
0 0 1 0
0 0 0 1
0.5 0 0 0.5


éA��H{ê¼ó, ¦Ù²­©Ù π.

). d�§ πP = π, =
π0 + π1 + π2 + π3 = 1,
π0 =

1
2π3,

π1 =
1
2π0,

π2 = π1,

)�

π = (
1

4
,
1

8
,
1

8
,
1

2
).

♯
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Ø��ê¼ó�©�Xen«�¹

1 ó´63�, Ø�3²­©Ù;

2 ó´"~��, Ø�3²­©Ù;

3 ó´�~��, �3²­©Ù,

πj =
1

µjj
= (E[Tjj ])

−1, j ∈ E .

¢Sþ, �Ï$1¥ØØÐ©G�´�o, ²L�ã�m�
?u j �VÇÑ´ πj .
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~. �Äê¼ó�G��m´ E = {1, 2, 3}, =£Ý


P =

0.2 0.8 0
0.3 0 0.7
0 0.4 0.6


K�AG�=£ã´

�â²­�§�� π = (3/25, 8/25, 14/25), z�G��V
Ç6�)º
²ï�§���. ±G� 1 �~:

π2P21 =
2.4

25
= π1P12, i.e., 6\=6Ñ.
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~ 3.3.4. (Y)

µ33 = 2,π3 =
1

2
.

♯

~ 3.4.1 �

E = {1, 2}, P =

(
3/4 1/4
5/8 3/8

)
,

Á¦�A²­©Ù±9 limn→∞ Pn.
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ð�'�µn)Ø%Vg

~�5µ�f¬Ø¬£5º

• �~�µ�U[�¿�
• "~�µ¬£5, ����m→ ∞
• �~�µ¬£5, ���mk�

±Ï5µu��m5Æº

• kkk±±±ÏÏÏµ�ú��§�½�g
• ÃÃÃ±±±ÏÏÏµ����§�Å��
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=£VÇ�²þ4�

�Ä m Ú=£¥�¯ j �ªÇ
1

m

m−1

∑
n=0

In,

E[
1

m

m−1

∑
n=0

In|X0 = i ] =
1

m

m−1

∑
n=0

P(Xn = j |X0 = i) =
1

m

m−1

∑
n=0

P
(n)
ij .

Ù4�o´�3�,

lim
m→∞

1

m

m−1

∑
n=0

P
(n)
ij =

1

µjj
.

Ò�Ï
ó,
1

µjj
´�¯ j �gê3o�m¥�²þ°�.

5. lim
m→∞

P
(m)
ij Ø�½o�3, XJ�3, �Ú Stolz ½n�¬Ü:

lim
m→∞

1

m

m−1

∑
n=0

P
(n)
ij = lim

m→∞
P
(m)
ij = πj .

Shanghai University of Finance & Economics lÑ�mMarkovó



ê¼ó�Ä�½Â
Chapman-Kolmogorov �§�G��©a

=£VÇ�4�5��²­©Ù
SK:µ

'5�¯K
Ä�4�½n
²­©Ù

Recall

f8 C ⊂ E ´4� ⇔ ∀x ∈ C , y /∈ C , k pxy = 0.

5. 1 f8 C ⊂ E ´4�, ��du

é?¿ x ∈ C , k ∑
y∈C

pxy = 1.

2 �Ò´`, 48¥�?ÛG�þØ��48	�G�. �

X Ø����=� E vk�²�4f8;

3 ��3��48þ�ê¼óE,´��ê¼ó.
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~ 3.4.3 �ÄG��m E = {1, 2, 3, 4, 5, 6, 7}, =£Ý
�

0.1 0.1 0.2 0.2 0.4 0 0
0 0 0.5 0.5 0 0 0
0 0 0 1 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0.5 0.5 0
0 0 0 0 0.5 0 0.5
0 0 0 0 0 0.5 0.5


�ê¼ó, ¦z�Ø��48�²­©Ù.
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~ 3.4.4 �ê¼ó�G��m E = {0, 1, 2, · · · }, =£Ý

P = (Pij ) : i , j ∈ E ,

Pij =


pi , j = i + 1,
ri , j = i ,
qi , j = i − 1,
0, Ù§,

Ù¥ pi + ri + qi = 1. ù«ó¡�)«ó, ´Ø���. P

a0 = 1, aj =
p0p1 · · · pj−1

q1q2 · · · qj
, j ≥ 1.

Áydó�3²­©Ù�¿�^�´

∞

∑
j=0

aj < ∞.
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K 7. � U1,U2, · · · ´Õá� (0, 1) þþ!©Ù��ÅCþ§�
± N P÷veª� n(≥ 0) ����

n

∏
i=1

Ui ≥ e−λ >
n+1

∏
i=1

Ui ,Ù¥
0

∏
i=1

Ui = 1

y²: N ´þ�� λ � Poisson �ÅCþ. (J«:
U n 8B, ¿é U1 �^�y² P(N = n) = e−λλn/n!.)
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y. Äk, 5¿� ∏n
i=1 Ui 'u n 4~, ½Â

N := min{n :
n

∏
i=1

Ui ≥ e−λ},

é?¿�½g,ê n, N = n �du

n

∏
i=1

Ui ≥ e−λ >
n+1

∏
i=1

Ui .

e¡^êÆ8B{y² N ∼ P(λ).
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(1) P(N = 0) = P(U1 < e−λ) = e−λ.

(2) yb�

P(N = n) = P(
n

∏
i=1

Ui ≥ e−λ >
n+1

∏
i=1

Ui ) = e−λλn/n!

¤á, K

P(N = n+ 1) = P(
n+1

∏
i=1

Ui ≥ e−λ >
n+2

∏
i=1

Ui )

=
∫ 1

0
P(

n+1

∏
i=1

Ui ≥ e−λ >
n+2

∏
i=1

Ui |U1 = x)dx

=
∫ 1

0
P(

n+1

∏
i=2

Ui ≥ e−λ/x >
n+2

∏
i=2

Ui ) · 1{x≥e−λ}dx

=
∫ 1

e−λ
e−(λ+ln x) (λ + ln x)n

n!
dx ,
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lþª��

P(N = n+ 1) =
1

n!

∫ 1

e−λ

e−λ(λ + ln x)n

x
dx

=
e−λ

n!

∫ λ

0
yndy (dy = λ + ln x)

=
e−λλn+1

(n+ 1)!
.

¤±, N ´þ�� λ �Ñt�ÅCþ.
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K 10. �k�>óÀ, óÀ�ÌÝ´�Å�, ÙÌÝ�C��
{1, 2, 3, · · · , n}, �3ÙþÑlþ!©Ù. y^�>LÿþÙ
ÌÝ, z��ü �mÿþ�g, l1�gÿþ�åP¹Ù
��� Xn, n ≥ 1.

(1) Á`² {Xn, n ≥ 1} ´���àê¼ó;
(2) �ÑÙ�Ú=£Ý
;
(3) ¤ìP¹���� n �Ï"�m´õ�?
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). P1 k gP¹�ÌÝ�� Yk , k ≥ 1, K
(1) Y1,Y2, · · · ÕáÓ©Ùu {1, 2, · · · , n} þ�þ!©Ù,

Xn = max(Y1,Y2, · · · ,Yn) = Xn−1 ∨ Yn, n ≥ 1.

¤± {Xn, n ≥ 1} ´ E = {1, 2, · · · , n} þ�ê¼ó, �d Yn

� Y1 Ó©Ù�� X ´�à�, �A�Ú=£Ý


P =


1/n 1/n 1/n · · · 1/n
0 2/n 1/n · · · 1/n
0 0 3/n · · · 1/n

· · · · · ·
0 0 0 · · · 1

 .
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(3) � Tn ´¤ìP¹���� n �Ä��m, K

P(Tn = k) =
1

n
· (n− 1)k−1

nk−1
.

l


E[Tn] = ∑
k≥1

k · 1
n
· (n− 1)k−1

nk−1
= n.
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K 11. y²µXJG���ê´ n, �XJG� j �lG� i ��,
K§�^ n Ú½���Úê��.

y. ��3 k0 > n, ¦��3�^´»µi0, i1, i2, ..., ik0 = j , ÷v

Pi0,i1 > 0,Pi1,i2 > 0, · · · ,Pik0−1,ik0
> 0.


���k n �G�, ò i0, i1, i2, · · · , ik0 = j ¥GØ­E�
G�:

é?¿ a, bX�3 b > a ¦� ib = ia,

K ia G������ ib+1, GØ­EG��, C¤

i∗1 , i
∗
2 , i

∗
3 , · · · , i∗k = j ,

Ï�G���ê� n ¤± k ≤ n. �y.
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K 13. y²: �~��"~�´a5�.

y. |^~�´a5�, =Iy�~�´a5�. b� i , j p�
� i �~�, =÷v fii = 1 � µii < ∞, y²

µjj < ∞.

(1) Ä��m�©): db�, �3 M,N > 0 ¦�

α := f
(M)
ji > 0, β := f

(N)
ij > 0. l


f
(N+n+M)
ii ≥ f

(N)
ij · f (n)jj · f (M)

ji = βαf
(n)
jj =: γf

(n)
jj .

(2) 1¼êØ�ª: Fii (s) ≥ γsN+MFjj (s). (: �Y©Û�Ä:)
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(3) Ï� i ~�, d Abel ½n

µii = lim
s→1−

F ′
ii (s), µjj = lim

s→1−
F ′
jj (s),

2|^ (2) ¥Ø�ª¦���

µii ≥ γ[N +M + µjj ],

Ï�é¡5, �� i � j ��Ú, Ó��3 γ′ > 0 ¦�

µjj ≥ γ[N ′ +M ′ + µii ].

(4) ïáØ�ª:

µii ≥ γµjj + C1, µjj ≥ γ′µii + C2,

Ù¥ C1 = γ(N +M) > 0,C2 = γ′(N ′ +M ′) > 0.
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K 14. �ê¼ó�G��m E = {1, 2, 3, 4}, =£Ý


P =


1/2 1/2 0 0
1 0 0 0
0 1/3 2/3 0

1/2 0 1/2 0

 .

Á?Ø�G��~�5Ú±Ï5, ¿£�=A�G�´H{
�.

). d½Â, |^G�=£ã´�,

G� 1, 2´H{�, 3, 4´63�.
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K 19. ��àê¼ó {Xn, n ≥ 0} �G��m E = {1, 2, · · · , 7},
�Ú=£Ý


P =



0 0 0 1/2 0 1/2 0
1/3 1/3 1/3 0 0 0 0
0 0 1 0 0 0 0

1/3 0 0 0 0 0 2/3
0 1 0 0 0 0 0

1/2 0 0 0 0 0 1/2
0 0 0 3/4 0 1/4 0


.

(1) ÁéG��m?1©);
(2) Á�ÑÙ¥±Ï(´õ�?)��~�G�48;
(3) Á¦²­©Ù.
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). (1) G��m�©)�

E = {2} ∪ {3} ∪ {5} ∪ {1, 4, 6, 7};

(2) �~�G�48kü�, ©O´:

{1, 4, 6, 7} �±Ï� 2 ±9�±Ï� {3}.

(3) d (2), )�§���A²­©Ù´

(π1,π4,π6,π7) = (
9

46
,
15

46
,
4

23
,
7

23
) ±9 π3 = 1.
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